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■ 1 Introduction 

B. Riemann |19j has constructed a one parameter family of non congruent singly periodic 
minimal surfaces which are foliated by circles (or straight lines). Each member of this 
^ ' family is a periodic embedded minimal surface in with infinitely many parallel ends. 

oo : 

^f) . Even though the classification of genus zero, embedded minimal surfaces is not com- 

I plete, W. H. Meeks J. Perez and A. Ros JH]) ^Oj have made progress concerning 
the question of the uniqueness of the Riemann examples in the class of genus zero em- 

lO ■ bedded minimal surfaces which have an infinite number of ends. They conjecture in 

I that every embedded minimal surface of finite genus and with infinite number of ends is 

' asymptotic (away from a compact piece) to some "middle" planar end and to two halves 

d • of Riemann example which are referred to as " limit ends" . 



X 

>y , surfaces. 



In this paper we construct such surfaces. More precisely, we have the : 

Theorem 1.1. Given k = 1,...,37, there exists a one parameter family of properly 
embedded minimal surfaces of genus k with two limit ends asymptotic to half Riemann 



We briefly explain the idea behind the proof, this will give further information about 
the surfaces constructed. In 1981, C. Costa [2], ^ found a genus one minimal properly 
embedded surface, with three ends, two of which are asymptotic to catenoidal ends and 
the third one being asymptotic to a plane. Later, D. Hoffman and W. H. Meeks [7], |H1 
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have found for every genus k > 2 a minimal surface with finite topology, two catenoidal 
ends and one planar end. 

Minimal surfaces belonging to Riemann's family, once they are normalized so that 
their planar ends are horizontal and at distance 1 one from each other, depend on a 
parameter (basically the value of the horizontal flux). As this parameter tends to 0, the 
members of this family can be understood as infinitely many horizontal planes linked by 
slightly bent catenoid. 

The main idea behind our construction is to replace one of these "slightly bent" 
catenoid by one minimal surface which belongs to the Costa-Hoffman-Meeks family of 
minimal surfaces. Our main result says that this can be construction is successful pro- 
vided one can bend the upper and lower end of the genus k Costa-Hoffman-Meeks surface. 
Thanks to the moduli space theory for minimal surfaces with catenoidal ends and a non- 
degeneray result by S. Nayatani _17j, we are able to show that the bending of the ends 
of the genus k Costa-Hoffman-Meeks surface is possible for 1 < A; < 37. 

The paper is organized as follows : In Section 2, we give a description of the Costa- 
Hoffman-Meeks minimal surfaces and we proceed with the deformation of the top and 
bottom ends of such surfaces. In Section 3, we describe an isothermal parametrization 
of Riemann surface, we also obtain some important expansions of pieces of Riemann's 
surfaces as the flux becomes vertical. Section 4 is devoted to the study of the mapping 
properties of the Jacobi operator about a half Riemann surface as the flux becomes 
vertical. In Section 5, we apply the implicit function theorem to perturb a half Riemann 
surface, we obtain an infinite dimensional family of minimal surfaces which are asymptotic 
to a half Riemann surface. In Section 6, we perturb the Costa-Hoffman-Meeks surface 
using again the implicit function theorem, we again obtain an infinite dimensional family 
of minimal surfaces which have two boundaries and one horizontal end. In the last section, 
we explain how the boundary data of the minimal surfaces constructed in Section 4 and 
Section 5 an be chosen so that the union of theses forms a smooth minimal surface with 
fixed genus and two limit ends. 

2 The Costa-HofFman-Meeks' family of minimal surfaces 

C. Costa j2], |3I and later on D. Hoffman and W. H. Meeks [Zj, |SI have described, for 
k > 1, a properly embedded minimal surface of genus k with three ends. More precisely, 
for each k > 1, there exists a complete properly embedded minimal surface of genus 
k and three ends which, after suitable rotation and translation, enjoys the following 
properties : 
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(i) The surface Mk has one planar end Em asymptotic to the 3:3 = plane, one top end 
Et asymptotic to the upper end of a catenoid with xs-axis of revolution and one 
bottom end i^fe asymptotic to the lower end of a catenoid with xa-axis of revolution. 
The planar end Em is located in between the two catenoidal ends. 

(ii) The surface is invariant under the action of the rotation of angle about 
the X3-axis, it is also invariant under the action of the symmetry with respect to 
the X2 = plane. Finally, it is invariant under the action of the composition of 
a rotation of angle about the xa-axis and the symmetry with respect to the 
X3 = plane. 

(iii) The surface intersects the X3 = plane in A: + 1 straight lines, which intersect at 
equal angles at the origin. The intersection of Mk with the plane X3 = cte (7^ 0) 
is a single Jordan curve. The intersection of with the upper half space X3 > 
(resp. with the lower half space X3 < 0) is topologically an open annulus. 

The surface will be referred to as the " genus k Costa-Hoffman- Meeks surface" . Ob- 
serve that, when k is even the surface is also invariant under the action of the rotation 
of angle vr about the X2-axis. 

The main purpose of this section is to explain how the genus k Costa-Hoffman- Meeks 
surface can be deformed into a smooth one parameter family of minimal surfaces 
Mfc(^), for ^ G (— '^0)?o) and ^0 > small enough, which are not embedded anymore, are 
invariant under the action of the symmetry with respect to the X2 = plane, have one 
horizontal end asymptotic to the X3 = plane and have two catenoidal type ends which 
are (up to some translations) respectively asymptotic to the upper end and the lower end 
of a catenoid whose axis of revolution is directed by sin ^ ei + cos 63 . The construction 
of Mfc(^) will be a simple consequence of the moduli space theory as described in pi^ . 

or [S]. It also relies on a nondegeneracy assumption which is known to be true when 
k < 37, thanks to result of S. Nayatani jl7j . 

Given k > 1, we start with a local description of the surface near its ends and in 
particular we describe coordinates which will be used to define some weighted spaces of 
functions on Af^,. The planar end Em of the surface M^, can be parameterized by 
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where x G -6^0(0) ~ {0} C and where the function Um tends to as x tends to 0. This 
reflects the fact that the middle end of is asymptotic to the horizontal plane. Here 
ro > is fixed large enough. 

Recall that, for surfaces parameterized by 

the minimal surface equation reads 

l^l^div ( -^^^-—— \ = 0. (1) 

The function Um is (by definition) a solution of this equation and it turns out that Um, 
which is a priori only defined in -Bro(O) — {0}, can be extended smoothly to Br^. We 
shall make use of this fact, which follows from elliptic regularity theory, without further 
comment. Observe that Um{x) = Od^l) near 0, however, given the symmetry with 
respect to the rotation of vertical axis and angle ^^pj, one checks that u^i^x ) = 0{\x\^+^) 
near 0. Indeed, since Um solves the leading term in the expansion of Um in powers 
of I a; I is necessarily a harmonic function which is invariant under the action of a rotation 

of angle hence, in polar coordinates, it is a linear combination of the functions 

(j ^ ^fc+l g±i (fc+l) e» 

We now turn to the description of the top end of (the description of the bottom 
end will follow at once using the invariance of the surface Mk by the symmetries which 
are described in (ii)). As already mentioned, the top end is asymptotic to a catenoid 
with vertical axis of revolution. We use 

Xc{s,9) := (coshs cos 6*, cosh s sin9,s) G M'^ 

as a parametrization of the (standard) catenoid C with X3-axis of revolution. The unit 
normal vector field about C is chosen to be 

NJs, 9) := — - — (cos 9, sin0, — sinhs). 
cosh s 

Up to some dilation, we can assume that the top end Et of the surface is asymptotic 
to some translated copy of the catenoid parameterized by in the vertical direction. 
Therefore, Et can be parameterized by 

Xt := Xc + WtNc + at 63 
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for {s,9) G (so, oo) x S^, where the function wt tends to as s tends to oo and at G M. 
Again, wt tends to as s tends to oo, reflecting the fact that the end Ef is asymptotic 
to the standard catenoid translated by fit 63. 

We recall that the surface parameterized hj X := Xc + w Nc is minimal if and only 
if the function w satisfies the minimal surface equation which, for normal graphs over a 
catenoid, can be expanded in powers of w (and its partial derivatives) as 

Here Q2 and Q3 are nonlinear second order differential operators which satisfy 

/ y-i 

\\Qj{v2)-Qjivi)\\cQ,<^((s,s+l)xS^) < C ( SUp^ ||'yj|lc2."{(s,s+l)x5i) 1 Ib2-'yi||c2'"((s,s+l)x5i) 

(3) 

for all s G M and all vi,V2 such that ||wi||c2.Q{(s,s+i)x5i) — 1- The important fact is that 
the constant c > does not depend on s. The proof of this expansion can be easily 
adapted from the proof of the corresponding expansion for higher dimensional catenoids 
which is provided in a complete (short) proof is given in the Appendix A. 

The function wt is (by definition) a solution of @. Given the symmetry with respect 
to the rotation of vertical axis and angle ^pj, one checks that wt is in fact bounded by 
a constant times _ Indeed, just observe that, in the expansion of wt in powers 

of e~*, the leading term is harmonic (on the cylinder M x S"^) and invariant under the 
action of the rotation on by the angle , hence it has to be a linear combination of 
the functions {s,9) — > e-(fe+i)s g±i (fe+i) 0_ 

Similarly, we define Xf, to parameterize the lower end Ef, of the surface so that 

Xb := Xc -WbNc- (Jb 63 

for {s,9) G (—00,— So,) X S^, where the function Wb tends to as s tends to —00 and 
ab G M. Again, Wb tends to as s tends to —00, reflecting the fact that the end Eb is 
asymptotic to the standard catenoid translated by at 63 . Granted the symmetries of the 
surface M^, there is an obvious relation between Xt and Xb- Indeed, starting from the 
parametrization of Et which we compose by a rotation of angle about the X3-axis 
and a symmetry with respect to the X3 = one finds a parametrization of Eb- This 
implies that ab = at and also that 

Wbis,9) = -Wt i-s,9 



k + 1 
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For all r < ro and s > sq, we define 

Mkis, r) := Mk - {Xti{s, oo) x S^) U Xb{{-oo, -s) x S^) U X„(S,(0))) (4) 

The parametrizations of the three ends of induce a decomposition of into 
slightly overlapping components as follows : A compact piece Mfc(so + l,ro/2) and three 
noncompact pieces Xt{{so, oo) x S^), Xb{{—oo, —sq) x S^) and Xm{Bro{0)). We are now 
in a position to define the weighted spaces of functions on Mk- 

Definition 2.1. Given £ G N, a G (0, 1) and 5,v G M, the space Cf'^{Mk) is defined to 
be the space of functions in C^^{Mk) for which the following norm is finite 

"^"^•"(Mfe) ll«^llc^'-(JV4(so+l,ro/2)) + II I • l'" W o Xm\\ce.o,(Br,,m 

+ SUp3>so o ^dlc'^."((s,^+l)x5i) + Ik ° My^'-({-s~l-s)xS^)) 

and which are invariant under the action of the symmetry with respect to the X2 = 
plane, i.e. w{p) = w{p) for all p G Mk, where p := (xi, —X2, x^) if p = (xi, X2, X3). 

The Jacobi operator about Mk is defined by 

where I^a^I is the norm of the second fundamental form on Mk. Granted the above 
defined spaces, one can check that : 

Ls: Cf;{Mk) C's%{Mk) 
w I — > LjUfc (w) 

is a bounded linear operator. The subscript 6 is meant to keep track of the weighted 
space over which the Jacobi operator is acting. Observe that, in the weights of the target 
space, there is a loss of 2 in the weight parameter at the ends Et and Eb, and there is a 
gain of 4 in the weight parameter at the end E^ • This follows at once from the expression 
of the Jacobi operator at the ends in the above defined coordinates. Alternatively, this 
can also be seen by linearizing the nonlinear equation at n = which provides the 
expression of the Jacobi operator about the plane 

L]g2 := A 
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and by linearizing the nonlinear equation ^ at w = which provides the expression of 
the Jacobi operator about the standard catenoid 



Since the Jacobi operator about is asymptotic to L]g2 at Em and is asymptotic to Lc 
at Et and Eb, this explains the loss of 2 in the weight parameter 6 and the gain of 4 in 
the weight parameter i^. 

This being understood, we now recall the notion of nondegeneracy jllj which is 
classically used in this context : 

Definition 2.2. The surface is said to be nondegenerate if Ls is injective for all 



The mapping properties of the operator Ls depends crucially on the choice of 6. It 
follows from the general theory of such operators that Lg has closed range and is Fredholm 
provided 6 ^ Z,. Moreover, a duality argument (in weighted Lebesgue spaces !) implies 
that 



provided S ^ Z. This kind of analysis is by now standard and has been applied to variety 
of problems. We refer to for references to the general theory and we refer to [Hj for 
references to the theory in the specific context of minimal hypersurfaces with catenoidal 
type ends. Also, we have the : 

Proposition 2.1. Assume that is nondegenerate and 6 £ (1,2). Then the operator 
Ls is surjective. Moreover the kernel of Ls is 4- dimensional. 

One has to keep in mind that, in the definition of the weighted spaces, we have 
imposed the invariance under some symmetry and that, in addition, we have implicitly 
asked that the middle end of the surface remain asymptotic to a horizontal plane. This 
explains why the dimension of the kernel is only equal to 4 and not equal to 9(= 3x the 
number of ends) as is usually the case when no symmetries are imposed. 

Recall that a smooth one parameter group of isometries containing the identity gen- 
erates a Jacobi field i.e. a solution of the homogeneous problem Lm^. w = 0. We now 
define 4 of these Jacobi fields and we also provide there expansion at the ends of M^. Let 

denote a unit normal vector field on Mf^ (for example, we agree that the orientation 
is chosen so that ~ 63 at Em)- We will denote by 




d< -1. 



{Ls is injective) 44> {L^s is surjective) 



<^0'+(p) := N{p) • es. 
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the Jacobi field generated by the one parameter group of vertieal translations. Observe 
that 

$0,+ = -tanhs + C>((coshs)-^-2) at Et 

(5) 

$°'+ = tanhs + 0((coshs)-'=-2) at Eb 
while $°'+ = 1 + at Em- We will denote by 

$0'^(j9) := N{p) -p 

the Jacobi field generated by the one parameter group of dilations. Observe that 

= 1 - s tanhs + C>((coshs)-'=-^) at Et 

(6) 

= s tanhs- l + C)((coshs)-'=-^) at E^ 
while $° - = C(|a;|^+^) at E^- We denote by 

■-N{p)-ei 

the Jacobi field generated by the one parameter group of translations along the xi-axis. 
Observe that 

^''"^ = dhi cos0 + O((coshs)-'=-2) at Et 

(7) 

^''"^ = -dhl cos0 + O((coshs)-'^-2) at Eb 

while = C>(|a;|^+^) at Em- Finally, we denote by 

'-(p) := N{p) ■ (e2 X p) 

the Jacobi field generated by the one parameter group of rotation about the X2-axis. 
Observe that 

= +sinhs) cos6' + C'((coshs)-'=-i) at Et 

(8) 

= -(^^fc + sinhs) cosi9 + 0((coshs)-'=-i) at E^ 

while - = |p + Odxp'^+S) at E^. 

Observe that all these globally defined Jacobi fields are invariant under the action of 
the symmetry with respect to the X2 = plane and that there are in addition three other 
Jacobi fields which are not invariant under this symmetry, namely the Jacobi field asso- 
ciated to the group of translation along the a;2-axis and the Jacobi field corresponding to 
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the one parameter group of rotation about the xi-axis and the Jacobi field corresponding 
to the one parameter group of rotation about the X3-axis. 

With these notations, we define the deficiency space 

V:=Sp^n{xt^''^,Xb<^''^ : j = 0, 1} 

where xt is a cutoff function which is identically equal to f on Xt{{so + l,oo) x S*^), 
identically equal to on — Xt{{so, oo) x S^) and which satisfies Xt{p) = Xtip) (so that 
it is invariant under the action of the symmetry with respect to the X2 = plane). We 
also define Xb{') '■= Xt[— ■) ■ Clearly 

w I — > La4 (w) 

is a bounded linear operator. 

The linear decomposition Lemma proved in for constant mean curvature surfaces 
or in |;9, for minimal hypersurfaces can be adapted to our situation and we get the : 

Proposition 2.2. Assume that is nondegenerate and that 6 G (—2,-1). Then the 
operator Lg is surjective and has a kernel of dimension 4. 

We are interested in M the space of all minimal surfaces (not necessarily embedded) 
which are close to M^, have 2 catenoidal ends, one horizontal planar end and which are 
invariant under the action of the symmetry with respect to the X2 = plane. The moduli 
space theory developed in jllj for constant mean curvature surfaces or in [Hj for minimal 
hypersurfaces can be adapted to our framework and as a corollary of Proposition 12.21 we 
conclude that, close to Mk, the space 7W is a smooth manifold of dimension 4, provided 
Mfc is nondegenerate. Moreover, the elements of the kernel of Lg span the tangent space 
to A4. Therefore, in order to understand the space A4 in a neighborhood of M^, we just 
need to understand the elements which span the kernel of since this will provide the 
set of parameters which are needed to describe in a neighborhood of M^. 

It should be clear that the functions ^^'^ and <I>^'+ belong to C'^'^ (Mk) Q)T) and hence 

we already have 3 linearly independent elements of the kernel of Ls- Observe that <I>^'~ 
fails to belong to the kernel of Lg since it is not bounded at Em (and in fact blows up 
like as x tends to 0). Thus, we are left to understand the behavior of a nonzero 

element $ G C^'^(M/5) © V which belongs to the kernel of Lg but does not belong to 
Spanj^*^'^, <I>^'"'"}, and hence <I> / 0. Without loss of generality (i.e. taking suitable 
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linear combination of $ with ^^'^ and $^'^) we can assume that the expansion of $ at 
Et is given by 

$ = at$^'- + C'((coshs)^) 
and that the expansion of $ at Ef, is given by 

$ = aj, $1'- + bh $^'+ + Cfe $°'+ + db «>°'" + ©((cosh s)^) 

Given a function ^ defined on Af^, we set 

W{^) := lim lim / (^La/ - ^'La^ ^^0/4-4 

where we recaU that Mi^{s,r) has been defined in Q. 

bmce La^^$ = and La/, $°'+ = 0, we can use the divergence theorem together with 
the expansions ©-© to get 

= T^($o,+) = 2^4. 

Similarly, using the fact that La/j. = together with the expansions we get 

= Ty($°'-) = -2TTCb 

Next, using the fact that La4 = together with the expansions one finds 

that 

= T^($l'-) = -TTbb 

Finally, using the fact that La^ ^^'^ = together with the expansions 0-®) we have 

= H^($i'") = ^(afe-at). 

Therefore, we conclude that 6f, = cj, = = and also that ah = at- Now, if we had 
at = 0, then we would also have a;, = and hence we would conclude that $ € C^'"(Mfc). 
But, in this case nondegeneracy implies that $ = 0, which is clearly a contradiction since 
we have assumed that <1> 7^ 0. Therefore, we conclude that at 7^ 0. In other words, there 
exists an element of the kernel of which at Et (and in fact also at E^) is asymptotic 
to the Jacobi field associated to the rotation of the catenoidal ends of M^, leaving the 
middle end horizontal. 

Applying (an elaborate version of) the implicit function theorem as in 11 and we 
see that this Jacobi field is integrable. This shows that there exists in a one parameter 
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family of minimal liypersurfaces {Mk{(,))^, for ^ close to 0, such that Mk{0) = and 
the catenoidal upper end of M/c(^) is asymptotic to the end of a catenoid whose axis 
of revolution is directed by sin^ei + coshes. Observe that, the surface Mfc(^) is well 
defined up to a translation in the X2 = plane and up to a dilation. In particular, we can 
require that the upper end of -/Vffc(^) is asymptotic to a translated and rotated version of 
the (standard) catenoid and also require that the middle end £'m(0 is asymptotic to the 
X3 = plane. 

If denotes the rotation of angle ^ about the X2-axis, the upper end Et{£,) of Mk{(,) 
can be parameterized by 

Xt^i: = Ri: (Xc + Wt^i: N^) + CTj^g 63 + Cl (9) 

where the function Wt^^ and crt,^,'^t.^ S M depend smoothly on ^ and satisfy Wtfl = Wt, 
o"t,o = and Q^o = 0. More precisely, if follows from the application of the implicit 
function theorem that 

Application of the flux formula JUj shows that the lower end of Mfc(^) is, up to a trans- 
lation, asymptotic to the lower end of the same (standard) catenoid. In particular, the 
lower end E{y{^) of M,t(^) can be parameterized by 

Xb,( = R( (Xc - Wb,( Nc) - (Jb,^ es - qb,i ei (10) 

where the function Wb,^^ and ab,^^%,^ G K depend smoothly on ^ and satisfy Wbfl = Wb, 
C6,o = CTfe and <^b,o = 0. Again, we also have 

kb,? - f^fcl + + \\wb,( - W^f>llci2"((-oo,-so)x5i) ^ C (11) 

Finally, up to now the surface Mk{C) is defined up to a translation along the xi-axis but 
we can help eliminate this confusion by requiring that 

To summarize, we have obtained the : 

Theorem 2.1. Assume that Mj. is nondegenerate. Then, there exists .^o > and a 
smooth one parameter family of minimal hypersurfaces (Mfc(^))g in M, for ^ E (~Co)Co); 
such that Mfc(O) = and the upper (resp. lower) catenoidal end of Mfc(^) is, up to 
a translation along its axis, asymptotic to the upper (resp. lower) end of the standard 
catenoid whose axis of revolution is directed by sin^ ei + cos^ 63. 
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Observe that, when k is even, the surface is symmetric with respect to the rotation 
of angle it about the a;2-axis and one can prove, even if we wih not need this information, 
that the surfaces Mk{i) can be defined to enjoy the same symmetry. 

On each Affc(^) one can define weighted spaces as in Definition 12.11 and also define 
the corresponding notion of nondegeneracy. The Jacobi operator about Mk{C) will be 
denoted by l^Mkd)- define 

W I > ^MkiO (^) 

It is easy to check that, reducing if this is necessary, all the surfaces Mfc(^) are non- 
degenerate and hence we have the : 

Proposition 2.3. Assume that Mk is nondegenerate and choose 6 £ (1,2). Then (reduc- 
ing ^0 this is necessary) the operator L^^s is surjective and has a kernel of dimension 
4. Moreover, there exists G^^s a right inverse for L^^s which depends smoothly on ^ and 
in particular whose norm is bounded uniformly as \(,\ < ^o- 

For example, a right inverse G^^s which depends smoothly on ^ can be obtained by a 
simple perturbation argument starting from a right inverse Gs.o and reducing if this 
is necessary. 

The purpose of the next Lemma is to write a portion of the upper and lower ends 
of the surface Mk{^) as vertical graphs over the horizontal plane. It is clear that the 
ends Et and Ei, of Mj^ can be written, at least away from a compact set, as vertical 
graphs over the horizontal plane 2:3 = 0. This is not true anymore for the ends Et{£,) and 
-E'b(^) of Mfc(^), when 7^ but this property will remain true for the piece of Mfc(^) we 
are interested in, namely the piece of Mfc(^) which corresponds to s ~ it^ loge in the 
parametrization given in Q and I|1U|) . We have the : 

Lemma 2.1. There exists Eq > such that, for all e G (0,eo) o,i^d all \^\ < e an annular 
part of Et{£,) and Eb(S^) in Mfc(^) can be written as vertical graphs over the horizontal 
plane for the functions 

U^{r,e) = cjt,g + ln(2r) + cos6l + 0(6) 
U^{r,9) = -cjfe,5-ln(2r) + ^r cos + 0(6) 

Here {r,6) are polar coordinates in the X3 = plane. The functions 0{e) are defined in 
the annulus B^^-i/2—B^-i/2 and are bounded inC^ topology by a constant (independent 
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of e) times e, where partial derivatives are computed with respect to the vector fields r dr 
and dg. 

Proof : Elementary computations writing 

Xt,^{s,e) = (r cose,r sine, Ul'{r, 6)) 

when s ~ — ^ loge. □ 

We end this section by recalhng the result of S. Nayatani JJj which states that Mk 
is nondegenerate for all k < 37. More precisely we have the : 

Theorem 2.2. Assume that k < 37, then any bounded Jacobi field on Mk is a linear 
combination of N ■ ej and N ■ (p x 63). 

In order to apply this result, just observe that, according to this result, when k < 37, 
the only Jacobi field which decays at all ends is N ■ (p x e^). However, this Jacobi field 
is not invariant with respect to the action of p — > p, hence is nondegenerate in the 
sense defined in Definition 12.21 



3 Riemann minimal surface 

B. Riemann |19j has discovered a one parameter family of periodic minimal surfaces 
embedded in which are foliated by circles (and straight lines). Each element of this 
family has infinitely many planar ends, is topologically a cylinder M x S*^ and in fact is 
conformal to the cylinder M x with infinitely many points (pi)igz removed in a periodic 
way, each of these points corresponds to one of the planar ends of the surface. 

Recall that (up to some dilation and some rigid motion) we can parameterize a fun- 
damental piece of Riemann's surface by 

(t, e) — y (c(t) + R{t) cos e, R{t) sine, t) (12) 
where t G (— te,te), G 5^ and where the functions c and R are determined by 

{dtRf + 1 = + £2 ^4 (;^3^ 

and 

dtC = eR^ 

Here e > is a parameter. We shall normalize the solutions of these ordinary differential 
equations by asking that R{0) > 0, dtR{0) = and c(0) = 0, and naturally, i? is a 
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nonconstant smooth solution of Even though R and c both depend on e, we shall 
not make this dependence explicit in the notation. It is easy to check that the functions 
R and c blow up in finite time < oo and that 

4 = lim {c{t) - R{t)) 

exists. Riemann surface R^ is then obtained by translation of the fundamental piece by 

2 (4 ei + 4 es) 

A conformal parametrization of Riemann surfaces had already been considered by 
M. Shiffman ,^20, and has been generalized by L. Hauswirth 0. Granted the above 
parametrization, in order to define this conformal parametrization, it is enough to look 
for a function {t,y) — > il:{t,y) such that 

Xe{t, y) := (c(t) + R{t) cos(?/;(t, y)), R{t) sm{iP{t, y)),t) (14) 

is a conformal parametrization. This leads to the first order differential system 

dfip = £ R sin ip 

which come from the equation dtXt. • dyX^ = and 

(dyipf = 1 + (1 + cos^ V) + 2 e dtR cos ip 

which comes from the requirement that |(9tXep = l^yXgp. One checks easily (from a 
direct computation) that the integrability condition dy (dtip) = dt (dyip) is fulfilled. 

We define the real valued function by 
dfX^ = (sinh cos ijj, sinh sin V', 1) and dyX/r = (— cosh sin ^p, cosh cos V', 0) 
In particular 

cosh0 = Rdytp (15) 

With these notations, the first fundamental form about the surface parameterized by 
X^ reads 

ds"^ = cosh^ {dt + (iy dy) 
and, if we define the normal vector field by 

iVj := — (cos -0, sin -(/;, — sinh 0) , (16) 

cosh0 
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the second fundamental form about the surface parameterized by is then given by 

h = dt0 dt dt — dyip dy ® dy — 2 dtip dt dy 
Observe that dy{dtX) = dt{dyX) and hence 

dy0 = —dti^ and dt0 = dyijj (17) 
It will be convenient to define 

a:=^ and b=^ (18) 
cosh cosh 

With these notations, the Jacobi operator about Riemann's surface Re is given by 

cosh to 

Observe that it follows from (jlSj) that b = ^ and hence the equation satisfied by b 
reads 

(9,6)2 + = 

Moreover, dyb = since R, and hence b, does not depend on y. 

It should be clear that (fTHl) together with ((T7I) yields dta + dyb = and hence the 
function a does not depend on t. It remains to find the ordinary differential equation 
satisfied by a. We have 

(cosh a) — (cosh 06) = 0. 

Hence 

(a^ + b^) sinh = dya - dtb (19) 

Taking the derivative of (fT9|) with respect to y and using the fact that the function b 
does not depend on t, we get 



d^a = -a (a^ + b') + {{dyaY - {dtbf) (20) 

In other words 

''^ ^ a2 + 52 
Hence, we conclude that the function 
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only depends on t. Taking this information into account in 1)20(1 we conclude that 

dya + 2a^ + a{t)a = 

where a is a function which only depends on t, and hence a has to be constant. Therefore 

{dyaf + a^ + aa'^ - P = 

for some fixed constant p. Inserting these into (|20|) . we conclude that 

[dyaf + + - = (21) 

The function y — > a{y) and t — > b{t) are defined up to some translation in the y or t 
variables. In particular, we can require that a (resp. b) takes its maximal value at y = 
(resp. t = 0). Finally, observe that the functions a is periodic, we will denote by its 
least period. Finally, we extend the function 6 to be a 2 i^-periodic function. 

It is also easy to check that, as e tends to the functions a, b and their derivatives 
remain uniformly bounded. Indeed, we have on the one hand 

{dyaf < and 2 < ^/l + 4^2 _ l (22) 

and on the other hand 

{dtbf < + J and 26^ < 1 + ^Jl + Ae"^. (23) 

A simple application of Ascoli-Arzela's Theorem implies the : 

Lemma 3.1. As e tends to 0, the sequence of functions {b)s>o converges uniformly on 
compacts to the function 

1 

i — ' r- 

cosht 

and the sequence of functions (e""*^ a)e>o converges uniformly to the function 



y — > cos y 



We can also obtain the expansion of the period 2 1^ of the function b. Indeed, we have 
the formula 



4 



16 



where < Ce is the largest root of = + 1- It is easy to check that 

t, = -loge + 0(l) 



as e tends to 0. 
We claim that 



< {^Y < 1 



Vl + 4^2 - \27rJ 

Indeed, write a{y) = a(0) cosv where 2a(0)^ + 1 = \/l + 46^ and using ^Flji we get 

{dyvf = 1 + a{Of (1 + cos^ v) 

from which it follows that 1 < dyV < 1 + 2a(0)2. Integration of this inequalities from 
to Ue yields the required inequalities since f(ye) = 2 7r. 

In the next Lemma, we give precise expansions of the functions R and c when t G 

{-te,te). 

Lemma 3.2. For e > small enough, we have 

R{t) = cosh t + 0{£'^ cosh^ t) (24) 

and 

r(f.) = F ( 

2 4 



when t G [—te + 1, — 1] . 



Proof : We define the function t — > v{t) such that R{t) = R{0) coshf(f) and 
v{0) = 0. It follows from (USJ that 

{dtvf = 1 + R^iO) (1 + cosh^ v) 

Now, as long as t < v{t) < t + c (where c > is some fixed constant), we can estimate 
(dtv)"^ = l+0{e^ cosh'^ t) and hence we conclude that v(t) = t + 0{e'^ cosh^ t). We remark 
a posteriori that t < v{t) <t + c holds for t £ [0, — In e — 1] provided c > is chosen large 
enough. The first estimate then follows at once. The second estimate follows directly 
from 

dta = eR^ 

once the first estimate has been established. □ 
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Remark 3.1. As a Corollary of the proof of this Lemma, observe that 

1 



b{t) coshi < 



RiO) 



for all t £ [— tejtg] since we always have v(t) > t. Since R{0) converges to 1 as e tends 
to and using the fact that b is even, this yields a uniform upper bound for b as e tends 
to 0. 

The purpose of the next Lemma is to write the pieces of at height i ~ — ^ log s 
(resp. at height t ~ | log e) as a vertical graph over the horizontal plane for some function 
tf (resp. th). But before doing so we first dilate the surface R^ by some factor (1 + 7) 
and we next translate this dilated surface along the xi-axis by <i, so that the fundamental 
piece of this surface is now parameterized by 

{t, y) + (1 + 7) (c(i) + R{t) cosi^it, y)), (1 + 7) R{t) sin ^(t, y), (1 + 7) t) 

We consider the change of coordinates : 

(r cos 9, r sin ^) = + (1 + 7) (c(i) + R{t) cos ^{t, y)), (1 + 7) R{t) smtp{t, y)) 

where as before, (r, 9) are polar coordinates in the X3 = plane. Obviously this change of 
coordinates is not valid everywhere but we are only interested in the range i ~ ±| loge 
where the change of coordinates holds. 

Lemma 3.3. Assume that |<j| < 1 and also assume that I7I < ^. Then the following 
expansion holds 

U^{r, 9) = {1 + 7) log ( ) - I r cos - (1 + 7) - cos + 0(e) (25) 
\1 + 7/ 2 r 

(2r \ s c 
] --r cos9 + {l + j)- cos9 + 0{e) (26) 
1 + 7/2 r 

when r ~ £~^/^. Here the functions 0(e) are smooth functions which are defined in the 

annulus — and are bounded by a constant (independent of e) times e in 

topology, where partial derivatives are understood with respect to the vector fields r dr 
and Oq. In addition all these estimates hold uniformly in a and 7, provided |?| < 1 and 
l7l<i 
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4 The Jacobi operator about Riemann's surface 

We keep the notations of the previous section. Recall that the Jacobi operator about 
Riemann's surface is given by 

:= {dl + dl + 2 (a2 + t^)) (27) 

cosh^o; " 

Obviously the mapping properties of this operator translate into the mapping properties 
of the operator 

L, = 92 + 52 + 2 (a^ + 6^) (28) 
We define, for all e > the operator 

which acts on functions of y which are periodic and even. This operator is clearly 

elliptic and self adjoint and hence has discret spectrum (Aj)i>o- Since we only consider 
even functions, each eigenvalue is simple and wc can arrange the eigenvalues so that 
Aj < Aj+i. The corresponding eigenfunctions are denoted by fi and are normalized so 
that 



Ve 

f!dy = l 



IQ 

Even though we have not make this explicit in the notations, the eigendata of do 
depend on e since a does. It is easy to check that, as e tends to 0, the Aj converge to i^. 
We will not need this result but rather the simpler : 

Lemma 4.1. The following estimate holds 

Aj > + 1 - Vl + 4£2. (29) 
Proof : The assertion follows from the variational characterization of the eigenvalues 

codim£;=i /e^- 11/11^2=1 Jo 



together with the fact that < 2tt and < < ^1 + 46^ - 1. □ 

For each £ > 0, the family {/i}ieN is a Hilbert basis of the space H of L^-integrable 
functions which are even and ?/e-periodic. We consider the eigenfunction decomposition 
of a function (t, y) — ^ v{t, y), which is yg-periodic and even in the y variable, 

•oc 

v{t,y) = ^Vi{t) fi{y). 
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This decomposition induces a decomposition of the operator into the sequence of 
ordinary differential operators 

It follows from the result of Lemma 14.11 and from the estimate H29|) that 

21? -\i <2Vl + 4e2-i2 (30) 

Let S^{t) denote the circle of radius r. The previous estimate immediately implies 
the following injectivity result, by maximum prinnciple : 



Lemma 4.2. Assume that e G (0, \l j) and to < ti. Let v be a solution of 

Uv = 



which is defined on [to,ti] x S^{ts) and satisfies v{to,-) = v{ti,-) = 0. Further assume 
that 

/ v{t,y)fi{y)dy = 
Jo 



for all t G [to, ti] and i = 0,1. Then v = 0. 

The constant is not optimal but this will be sufficient for our purposes since our 
aim is to use the result for small values of e. We now define weighted Holder spaces which 
will turn to be useful for the understanding the mapping properties of the operator 
as the parameter e tends to 0. 

Definition 4.1. Given £ G N, a G (0, 1), /x G R and a closed interval / C M, we define 
the space C^"{I x S^{t)) to be the space of functions u G Ci'^{I x S'^{t)) for which the 
following norm 

\\u\\^l,a = ||e"^*M||c«,«(/x5l(r))> 

is finite. 
We set 

ye 

It should be obvious that 

C^'"([to,oo)x5i(r,)) C°'"([to,oo)x5i(re)) 
w I — > w 
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for any G M and to £ I^- We prove that, provided the parameter /i is suitably chosen, 
there exists a right inverse for whose norm is uniformly bounded as e tends to and 
independently of to £ I^- This is the content of the following : 

Proposition 4.1. Fix fi £ (—2,-1). Then, there exists eo > and, for all e £ {0,£o), 
for all to G IR, there exists an operator 

Ge,t, ■■ C°'"([to,oo) X 5i(r,)) ^C2'"([to,oo) x S\r,)), 
such that for all g G C)J'"([to, oo) x S^^t^)), the function v := G^.toig) solves 

LsV = g in [to, oo) x S^{ts) 

V G Span{fo,fi} on {to} x S'^ir^) 
Moreover, 

for some constant c > which is independent of e £ (0,eo) o.^'d also independent of 
to G M. 

Proof : We decompose / into 

9 = 90 fo + 91 fi + 9 

where g{t, •) is orthogonal to /o and /i for each t. For the sake of implicity in the 
notations, we shall not mention the parameter and write instead of S'^(Te). Observe 
that, as e tends to 0, tends to 1. 

Step 1. We show that, for each ti > to + 1 it is possible to solve 

LeV = g, 

on X [to, ti] with u(to, •) = ^(ti, •) = 0. This just follows from the result of Lemma l4.2l 
which states that, restricted to the set of functions orthogonal to /o and /i for each 
t, the operator is injective. 

We claim that, provided e is chosen small enough, there exists a constant c > such 
that 

sup e~^* \v\ < c sup e~'^* 1^1 
[to,ti]x5i [to,ti]x5i 
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The proof of this fact is by contradiction. If this were false, there would exist a sequence 
{^n)n tending to 0, sequences (to,n)n and (ti,n)n such that to,n < ii,n) a sequence of 
functions {gn)n and a sequence of solutions such that 

sup e-^*|5n| = l 

[t0,n,tl,n]x51 

and 

lim An := sup e"'** |u„| = oo 

We denote by {tn,yn) £ [to,n)^i,n] x 5^ a point where An is achieved. We define the 
function Vn by 

Observe that elliptic estimates imply that 

supe-^*|Vi;n| <c{l + An) (31) 

and, since u„ vanishes on the boundaries of [to,n 5*1,71] x this in turn implies that the 
sequences (t„ - to,n)n and {ti, 

,n tn)n remain bounded away from 0. 

Without loss of generality, we can assume that the sequence (t„ — ^o.rt)" (resp. (ti,n — 
to)n) converges to to G ([— oo,0) (resp. to ti G (0, +00]). We denote by / = {to,ii). 

Up to a subsequence, we can assume, without loss of generality that the sequence 
of functions {vn)n converges on compacts to a nontrivial function v defined on / x S^. 
This follows at once from Ascoli-Arzela theorem, once it is observed that the sequence 
of functions {vn)n is uniformly bounded (by t — > e'^*) and, by elliptic regularity theory, 
the sequence of functions (V'U„)„ is also uniformly bounded (by t — > ce^*). We now 
derive some properties of the limit function v. These properties are all inherited by v 
from similar properties which hold for the functions Vn- 

First, v{t, •) is orthogonal to the constant function and the function y — > cosy for 
each tel. Next, v is equal to on {^o} x and on {ii} x if either to > —00 or 
ii < +00. Also 

sup e"''* \v\ = l (32) 
7x51 

Finally, v is either a solution of 

dt +dy + — ) * = (33) 
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for some y G K or is a solution of 

(92+52)^ = 0. 

To reach a contradiction we consider the eigenfunction decomposition of v 

^(t^y) = cos(jy). 

When to = —00, observe that the function aj is either blowing up like t — > e~-^* or 
decaying like y — > e-'*. The choice of G (—2, —1) implies that aj decays exponentially 
at —00. Multiplying the equation by aj ej and integrating by parts over / (all 
integrations are justified because aj decays exponentially at both ±00 if either to = — cc 
or ii = +00), we get either 

/+00 r+oo 2 



or 

f+OO 



/+00 
{\dtaj\^ + f aJ) dt = 
-00 



In either case, we obtain aj = which clearly contradicts ()32|). 

Since we have reached a contradiction, the proof of the claim is complete. Once the 
claim is proven, we can use once more elliptic estimates and Ascoli-Arzela theorem to 
pass to the limit as ti tends to +00 in a sequence of solutions which are defined on 
[to, ti] X S^. This proves the existence of a solution of 

Lsv = f 

which is defined in x [to, +00) and which satisfies u(to, •) = 0. In addition, we know 
that 

sup e~^^ \v\ < c sup e"^* |/| 

[to,+oo)x5i [to,+oo)xSi 

Using a last time elliptic estimates, we complete the proof of the result in the case where 
the eigenfunction decomposition of / does not involve e^fi or eg^i. 

Step 2. Now we consider the case where the function g is collinear to cq and ei, namely 

9(.t,y) = goit) h{y) + gi{t) fi{y) 
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We extend the function g to be equal to when t <to, keeping the same notation. Given 
ti > to, we consider the equation 

in (—00, ti) with boundary data Vj{ti) = dtVj{ti) = 0. The existence of Vj is standard. 
We claim that 

sup e"''* \vj\ < c supe"'^* \gj\ 
(-oo.ti) M 

for some constant which does not depend on ti, provided e is chosen small enough. As 
before, we argue by contradiction. Assume that the claim is not true, there would exist a 
sequence (en)n tending to 0, sequences (to,n)n and (ti,n)n such that yo,n < ti,n, a sequence 
of functions {gj,n)n and a sequence of solutions (wj,n)n such that 

sup e"''* \gj,n\ = 1 

and 

lim An := sup e"^* \vj „| = 00 
"^+°° (-oo,yi,„]xSi 

We denote by {tmUn) G (— C)0,fi^„] x S"^ a point where An is achieved. Observe that, the 
solution Vj^n is a linear combination of the two solutions of the homogeneous problem 
L^j w = Q and these are known to be at most linearly growing thanks to Jacobi fields 
coming from isometries. Hence the above supremum is achieved. We define the function 
Vj,n by 

VjAt^ y) = 1- e"''*" Vj,n{tn + t,y). 

As above, one shows that the sequence {ti^n — tn)n remains bounded away from 0. 

Without loss of generality, we can assume that the sequence {ti^n — to)n converges to 
ti G (0, +00]. We denote by / = (— oo,ti). 

As in Step 1, we can also assume, without loss of generality that the sequence of 
functions {vj^n)n converges on compacts to a nontrivial function vj defined on / x 5^. We 
now derive some properties of the limit function vj. 

First, Vj{t, •) is v is equal to on {ii} x if ii < +00. Also 

sup e'^"^ \vj\ = 1 (34) 
7x51 
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Finally, vj is either a solution of 

'df - f + , r. = (35) 



cosli^(- + t), 
for some t S M or is a solution of 

{df-f)v,=0. (36) 
When n = 0, the solutions of (|35jl are linear combinations of the functions 
t — > tanh(t + i) and t — > {t + t) tanh(t + t) - 1 
and when n = 1 they are linear combinations of the following functions 

and t — > — — — '-^ + smh(t + t) 



cosh(t + t) cosh(t + t) 

Finally, when n = the solutions of (|36() are linear combinations of the functions 

t — > 1 and t — > t 
and when n = 1 they are linear combinations of the functions 

t — > e* and t — > e"* 

To reach a contradiction we observe that all the solutions of these two equations, when 
j = 0, 1 are explicitly known and that none of them satisfies (|34|1 since we have chosen 
/iG (-2,-1). 

Since we have reached a contradiction, the proof of the claim is complete. Once the 
claim is proven, we pass to the limit as ti tends to +oo in a sequence of solutions which 
are defined on (— oo,ti] x S^. This proves the existence of a solution of 

= 9j 

which is defined in [Iq, +oo) x S^. In addition, we know that 

sup e~'^^\vj\<c sup e"^*|gj| 

[to,+oo)xSi [to,+oo)xSi 

The estimate for the derivatives follow from standard elliptic estimates. □ 
The following result is standard and left to the reader (a proof can be found in ^). 
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Lemma 4.3. There exists an operator 

V : C2'"(5i) C!'°([0,+oo) X S^), 

such that for all ip G C^'"(S'^), with ip orthogonal to 1 and 9 — > cos 6 in the LP' -sense 
and is an even function of y £ the function w = V{ip) solves 

( idi + d^)w = in [0,+oo)xS^ 

[ w = if on {0} X 

Moreover, 

\\V{(p)\\^2,c, <c\\ip\\c2.c, 

for some constant c > 0. 

5 An infinite dimensional family of minimal surfaces which 
are close to a half Riemann surface 

In this section we are interested in minimal surfaces which are close to a half of Riemann's 
surface and have prescribed boundary. We consider surfaces which are normal graphs 
over Riemann's surface. More precisely, we consider the surface parameterized by 

where and N;, have been defined in 1)14(1 and (|16|) and, in the following Proposition, 
we give an expansion of the mean curvature operator for this surface in terms of the 
function u and its partial derivatives. 

Proposition 5.1. The surface parameterized by Z^^^ '■= + uN^ is minimal if and 
only if the function u is a solution of 

LeU = {C0sh&) Qe[ —, —, 7— 

\ cosh cosh cosh 

where is the operator which has already been defined in i28\) and the nonlinear operator 
Qe satisfies 

\Qe{v2) - QEivi)\cO,<^{(t,t+l)xS^{T,)) < C sup |'yi|c2.«{(i,i+l)x5i(r^)) 1^2 -'f^l|c2>«((t,t+l)xSi(T^)) 

i=l,2 

for all vi,V2 such that |t^j|c2>«((t,t+i)xSi(T£)) ^ 1- Here the constant c > does not depend 
on t gM, nor on e £ (0, 1). 
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Proof : We omit the indices e and u for the sake of simphcity in the notations. We 
have 

dtZ = dtX + dtuN + u dtN and dyZ = dyX + dyuN + u dyN 

A simple computation shows that the coefficients of gu, the first fundamental form of the 
surface parameterized by Z^, are given by 

|5tZp = cosh"^ + 2bcosh0 u + {dtuf + {a^ + b'^)u'^ 

dfZ ■ dyZ = 2 a cosh 0u + dtudyU 

\dyZ\^ = cosh^ - 2hcosh.0u + {dyuf + {0^ + h'^)u^ 
Collecting these, we have the expansion of the determinant of Qu 



where Pj has coefficients which are bounded independently of e G (0, 1) are is homoge- 
neous of degree i. Here we have implicitly used the fact that the functions a and h are 
uniformly bounded when e G (0, 1). 

We consider the area energy 



and the surface parameterized by Z will be minimal if and only if the first variation if 0. 
This can be written as 






Observe that 




1 



2 [dtu dtv + dyU dyV — 2 {a^ + b^) u v) 




(37) 
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where the operator Q and Q enjoy properties similar to the one enjoyed by in t^is 
statement of the result. 

The result then follows at once provided one notices that 

\dt cosh0| + \dy cosh0| < {\0t\ + \0y\) cosh0 < (|a| + cosh^ < c cosh^ 0, 

for some constant c > which does not depend on e G (0, 1). This explain the cosh^ in 
front of the nonlinear ity whereas (|37|) would only suggest a cosh0. □ 

We consider the surface parameterized by which we first dilate by a factor (1 + 7) 
and then translate by along the xi axis and by (1 + 7) log(l + 7) + o" along the 
X3-axis. This surface, which will be referred to as Re{'y,cr,q) is parameterized by 

(1 +j)Xe + ei + ((1 + 7) log(l + -f)+a) eg. (38) 

i + 7 

The parameters 7 and q are now chosen to satisfy 

I7I + e^/^ |?| < KS 

for some constant k > which will be fixed later on. 

Using the result of Lemma 13.31 we see that part of this surface (basically the one at 
height t ~ —^-5^ loge is a graph over the annulus — ^4 in the X3 = plane 

for the function 

(r, e) — ^ (1 + 7) log(2r) + a - - r cos 6* - - cos 61 + 0(e) (39) 

2 r 

which has been expanded in ()25|) . We now truncate the surface i?e(7, cr, q^) at the graph 
of the curve r = ^ e^^/^ by the function defined in ()39|) and consider only the upper half 
of this surface which we will refer to as i?* (7, o", ?)• 

We are interested in normal graphs over the surface i?* (7, cr, <;") which are minimal 
surfaces and are asymptotic to i?* (7, o", q^). Thanks to Proposition 15.11 we can state that 
the surface parameterized by 

(1 + 7) {Xe + uNe) + ei + ((1 + 7) log(l + -f)+a) 63 

i + 7 

is minimal, if and only if the function u is a solution of 

L. „ = (1 + cosh^ »Q. ((1 + ,)_^, (1 + „ (1 + ,) ^) (40) 



28 



The fact that the perturbed surface is asymptotic to the non perturbed one can then be 
translated into the fact that the function u tends to at oo. 



We set 

1 , 

te ■■= "2 logs 

Two modifications are now required. First, even though the surface ii*(7,cr, <j) can be 
parameterized by (|38() . its boundary does not correspond to the curve t = t^. We therefore 
modify the above parametrization so that the part of i2* (7, cr, <;") corresponding to t > 
+ log 4 is still parameterized by H38|). while over the graph over the annulus 62^^1/2 — 
for the function defined in ((SHI), we change coordinates 

(r,0)= Qe*,rey 

Finally, we interpolate (smoothly) between the two parameterizations in the graph over 
the annulus — -B^-1/2 by the function 

The next modification we need to do is concerned with the normal vector field about 
i2*(7, (7, ?) since we would like this vector field to be vertical near the boundary of this 
surface. This can be achieved by modifying the normal vector field into a transverse 
vector field which agrees with the unit normal vector field for all t > + log 4 
and which agrees with 63 for all t € [t^,ts + log 2]. 

Now, we consider a graph over this surface for some function u, using the modified 
vector field N^. This graph will be minimal if and only if the function u is a solution of 
some nonlinear elliptic equation which is not exactly equal to H40|) because of the above 
two modifications. Indeed, starting from (|4fl|l and taking into account the effects of the 
change of parametrization and the change in the vector field iV^ into A^^, we see that the 
minimal surface equation now reads 

L^M = LeU + cosh^0Qe — — , — — , — (41) 

\ cosh cosh cosh / 

The nonlinear operator enjoys the same properties as Qe in Proposition 15.11 We will 
write for short 

Qe{u) ■= Qe 

Observe that Qs is explicitly given by 



cosh cosh cosh 



4(-) = (l+7)-'a((l+7) 
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when t > + log 4. 

The operator is a hnear second order operator whose coefficients are supported 
in [is, is + log 4] x S^{ts) and are bounded by a constant times e^^"^, in C°° topology, 
where partial derivatives are computed with respect to the vector fields dt and dy. Let 
us briefly comment on the estimate of the coefficients of Lg. If we were only taking into 
account the effect of the change from Ns into Ns, we would obtain, applying the result 
of Appendix B, a similar formula where the coefficients of the corresponding operator Ls 
are bounded by a constant times e since 

Ns-Ns = l + 0{e) 

when t G [^e , + log 2] . If we were only taking into account the effect of the change 
in the parametrization, we would obtain a similar formula where the coefficients of the 
corresponding operator Ls are bounded by a constant times e^^'^, this basically follows 
from H25() which shows that 

C/°(r,0) = log(2r) + O(ei/2)^ 

where the change of coordinates takes place. The estimate of the coefficients of Ls follows 
from these considerations. 

Now, assume that we are given a function ip G which is even with respect to 

y, L^-orthogonal to 1 and y — > cos(y) and which satisfies 

We set 

w^{;-) ■.= V{ip){--is,-/rs) 
In order to solve (|41() . we choose 

(-2,-1) 

and look for u of the form 

u = w^ + v 

where v G C^'"([te,oo) x S^{ts)). Using the result of Proposition 14.11 we can rephrase 
this problem as a fixed point problem 

V = S{v) (42) 

where the nonlinear mapping S{= Ss,'y,Ti,!fi) (which depends on e,7,Ti and ip) is defined 
by 

S{v) := G^i^ \ Ls{w^ + v) - LsW^ + cosh^ 0Qe {w^ + ^^)] ■ 
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where the operator is the one defined in Proposition 14.11 The existence of a fixed 
point of 1)42(1 is an easy consequence of the foUowing technical : 

Lemma 5.1. There exist constants > and > 0, such that 

||5(0)|L2,. < c« (e(3+/^)/2 + £4+2/.) (43) 

and, for all e G (0, e^) 

\\S{v2) - 5'(?;i)|L2,a < ]- \\v2 - vi\\^2,c. 

for all vi,V2 G cY(\ie,oo) x S^ir,)) such that ||wi|L2,a < 2cJe^•^+^'^/'^ + e^+^^'). 

Proof : Using the properties of w^p given in Lemma 14.31 together with the properties 
of Le, we immediately get 

||L,K)||cO,. <c,e(3+/.)/2 

Next, we use the fact that 

LeW^ = 2{c? + \?) 

However, we have proved in (|22() that < . Furthermore, b"^ is an even function and, 
thanks to Remark 13. 11 we know that < c (cosh t)^'^ for all t £ [0, t^] and some constant 
c > independent of e small enough. Therefore, we conclude (with little work) that 

\\L,wJ^o,.<c,{e^+^'/' + e'-^'n 

Observe that the norm on the left hand side is achieved when t ^ 2t^. 
While the last term is easily estimated by 

This completes the proof of the first estimate. The second estimate follows from similar 
considerations and is left to the reader. □ 

The previous Lemma shows that, provided e is chosen small enough, the nonlinear 
mapping S is a contraction mapping from the ball of radius 2 CK(e^^^''^^^ + e^^^^) in 
C^'"([ie,oo) X S^{t^^ into itself. Consequently S has a unique fixed point v in this ball. 
This provides a minimal surface i?* (7, cr, <;", which is asymptotic to a half Riemann 
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surface -R*(7,(t, Observe that near its boundary, this surface is a vertical graph over 
the annulus — /2 for some function Ut which can be expanded as 

Ut{r,9) = (1 + 7) log(2r) + - I r cos - - cos9 + r{ip){\og{2r) - ie,e) + Vt{r,9) 

2 r 

in which case the boundary of the surface corresponds to r = ^ e^^^^. Here the function 
Vt = ^t(^)7)?!9') depends nonlinearly on 7,? and if and satisfies the following 

ll^t(e,7>?>V')llc2'« < ce 

and 

where the constant c > does not depend on e or k and only depends on k but not on 
£. The space C^'" is the space of C^'" function where partial derivatives are taken with 
respect to the vector fields r dr and dg. 

A similar analysis can be carried over starting from the lower end of Riemann surface 
to obtain a minimal surface, which will be referred to as R^i'y, cr, y?), which is asymptotic 
to a half Riemann surface and which, near its boundary is a vertical graph over the 
annulus B^-1/2 — /2 foi' some function Uh which can be expanded as 

Ub{r,9) = -(1 + 7) log(2r) -a- |r COS0 + - cos 9 + V{^){log{2r) - i„ 9) + Vb{r, 9) 

2 r 

in which case the boundary of the surface corresponds to r = ^ e~^/^. The function VJ, 
satisfies exactly the same properties as the function Vt- Equivalently one can apply a 
rotation of angle tt about the X2-axis to the surface i?e(7, a, (f), where (^(•) := — (^(•+7r). 

6 An infinite dimensional family of minimal surfaces which 
are close to 

We perform an analysis close to the one performed in the previous section, starting this 
time from the minimal surface Mfc(^) defined in Section 2, for ^ small enough. Recall 
that the surface Mfc(^) has two ends -E't(^) and Eh{£,) which can be parameterized as in 
© and ()1U() . Also recall that, according to the result of Lemma l2.ll a portion of these 
ends can be written as a graph over the X3 = plane for functions U^^t and U^^b which 
are defined in the annulus B^^-1/2 — B^-i/2/^. 
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Recall that we have defined ^ 

is = "2 log^^ 

As in the previous section, we modify the parametrization of the end Et{£,) which is given 
by (jU, say when s £ [i^ — log 8, 4 + log4], so that, when r G [e~^/^/4, 2 e"-*^/^] the curve 
corresponding to the image of 

9 — > (r cos 9, r sm9, Ut^^{r, 9)) 

corresponds to the curve s = log(2r). We perform a similar task for the parametrization 
of Ei,{i) so that, when r E [£-1/^/4, 2 e'^/^] 

curve corresponding to the image of 
6 — > (r cos 9, r sin 9, Uh^^{r, 9)) 

corresponds to the curve s = — log(2r). 

This being understood, as in the previous section, we modify the unit normal vector 
field on Mfc(^) to produce a transverse unit vector field which coincides with the 
normal vector field on Mfc(^), is equal to 63 on the graph over 62^-1/2 — of 
the functions C/^^^ and Uf,^^ and interpolate smoothly in between the different definitions 
of in different subsets of ((^ ) . 

A graph of the function u, using the vector field N^, will be a minimal surface if and 
only if li is a solution of a second order nonlinear elliptic equation of the form 

where ]L^^(^) is the Jacobi operator about Mfc(^), Q^^^ is a nonlinear second order differ- 
ential operator which collects all the nonlinear terms and L^^^ is a linear operator which 
take into account the change of parametrization and the change of the normal vector 
field into N^, which are described above. Now, we can be more precise and, at the 
ends Et{£,) and Ei^^^). For example at Et{(,), and granted the above parametrization, the 
nonlinear operator ^ can be expanded as 

Q,,{U) = (^) +COsh.Q3,,,e (^) 

where Q2,^,e and Qs.^.e are nonlinear second order differential operators which satisfy (jSJ, 
uniformly in ^ and e. 

The operator ^ is a linear operator which is supported in [tg — log 8, + log 4] x 
and has coefficients which are bounded by a constant times e^/^, uniformly in ^ and e 
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(The rational for this estimate is that , the first e comes from the conformal 

factor (coshs)"^ and the e^/^ comes from the modification in the parametrization and 
the vector field as in the previous section). 

Finally, observe that still in Et{^) the difference 

(cosh s)^ (lm,(0 - (52 + dl)^ 

is a second order differential operator in ds and dg whose coefficients are bounded in C°° 
topology (where partial derivatives are taken with respect to the vector fields ds and dg) 
uniformly in ^ and e. All these facts follow from the expansion provided in 

Now, assume that we are given two functions ipt,^b £ C^''^{S^) which is even with 
respect to 9 and orthogonal to 1 and 9 — > cos 9 and satisfy 

||(y9t ||(j2,c« + ||99fe||(^2,ci < K£. 

We set $ := {(ft, ipb) and we define to be the function which is equal to xt 'Pi^t){-—te, •) 
on the image of X^^^ where xt is a cutoff function equal to for s < sq + 1 and identically 
equal to 1 for s > sq + 2, and is equal to Xb 'P{v'b)i- + te, •) on the image of Xh^( where Xb 
is a cutoff function equal to for s > —sq — I and identically equal to 1 for s < —sq — 2. 

We define Mfc(^, e) to be equal to Mfc(^) with the image of {i^, +00) x by Xt^^ and 
the image of {—00, —i^) x by X^^^ removed. We would like to solve the equation 

LA,4(^)(tt;$ +v)= L^^eiwq, +v)+ Q^,e{'W'S> + v) 

on Mfc(^, e), so that the graph of + v will be a minimal surface. 
We choose 

<5g(1,2) 

and use the result of Proposition 12.31 so that we can rephrase the above problem as a 
fixed point problem 

V = T{v) (45) 

where 

T{v) = G^^s o (^L^^^{w,i, +v)+ l^M^ii) + Qi,ei'W<i> + v)^ 

where £s is an extension (linear) operator 
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defined by <f^e v = u in Mk{^, e), S^v = on the image of [4 + 1, +oo) x by Xt^^ and 
tlie image of (— oo, — 4 — 1] x S*-*^ by X^^^ and £s interpolate between these so that, for 
example, 

{£eV) o Xt,i:{t, e) = {l + k -t)v)o Xt^^iie, 6) 

for {t,9) G + 1] X . Here ^i^kiii^)) is the space of restrictions of elements 

of C^^2 4(^fc(0) to ^kiii^)-, endowed with the induces norm. 

As in Section 5, the existence of a fixed point v G C|'^(Mfc(^)) for 1)45^ follows at once 
from the technical : 

Lemma 6.1. There exist constants > and > 0, such that 

||r(0)|L2,. <c«e2 (46) 

^(5,0 

and, for all e G (0, 

1 

"-4,0 ~ 2 " ^ ^ 



T{v2) - T(-i;i)||^2,c« < - 11^2 - vi\\^2,c. 



for all vi,V2 G Cg'Q{Mk{(,)) and satisfying \\ < 2ck£ ■ 

Proof. The proof is similar to the one in the proof of Lemma 15.11 Again, we use the 
result of Lemma 14.31 to obtain the estimate 



and, using the properties of L^^^, we obtain 

\\£e{Li:^W^)\\^0,c <C^,£^ 

Finally, we have 

5 — 2,4 

We leave the details to the reader. □ 

The previous Lemma shows that, provided e is chosen small enough, the nonlinear 
mapping T is a contraction mapping from the ball of radius 2ci^£'^ in C^'^(Mfc(^)) into 
itself. Consequently T has a unique fixed point v in this ball. This provides a minimal 



35 



surface Mk{^, e, ipf, fb) which is close to Mfc(^, e), has one horizontal end and two bound- 
aries. This surface is, close to its upper boundary, a vertical graph over the annulus 
j2 — /4 for some function Ut which can be expanded as 

Ut{r, e) = at,^ + log(2r) + cos 6* + Vi<ft)iis - log(2r), 6) + Vt{r, 9) 

and this surface is, close to its lower boundary, a vertical graph over the annulus -B^-1/2 
/4 for some function Uh which can be expanded as 

Ub{r, 9) = -ab,^ - log(2r) +^rcos9 + r{^b){h - log(2r), 0) + H(r, 9) 

where Vt = t4(e,'^, and Vh = Vb(e,^, $) depend nonlinearly on e,^ and <I> and satisfy 
(for V = VtOvV = Vb) 

||F(£,e,$)||c2.« < ce 

b 

and 

||F(£,e,$)-F(£,e,*')llc2- < c£i-^/2||$-#'||c2.. (47) 

b 

where the constant c > does not depend on e or k and only depends on k but not 
on e. The boundaries of the surface corresponds to r = ^ £~^/^. 

7 The matching of Cauchy data and the proof of the main 
result 

We collect the results we have obtained in Section 5 and Section 6. In Section 5, we 
have obtained two surfaces which are perturbations of the upper (rep. the lower end) of 
Riemann's surface. The first surface 

Rl+r,tht,crt,^+crt,^t,<Pt) 

depends on the parameters r)t,'yt,o't-,'it and the function ipt and can be parameterized, 
close to its boundary as the vertical graph of 

Ut{r,9) := (l + 7t) log(2r) + + - r cos ^ - ^ cos9+V{ipt){logr-ie,9) + 0{e) 

The second surface 

i2£+^(,(76,(^&,^ + (^6,^6,</'&) 
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depends on the parameters rib,'jb,ab,% and the function ipb and can be parameterized, 
close to its boundary as the vertical graph of 

Ubir,e) := -(1+76) log(2r)-(76,^-(76-^i^r cose+- cos 6 +V (ifb) (log r-ie, 9) +0{e) 
Now, collecting the result of Section 6, we have a surface 

which has two boundaries, one end asymptotic to a horizontal plane and can be param- 
eterized, close to its upper boundary as the vertical graph of 

C7t(r, Q) ■- log(2r) + at,^ + ^ cos ^ + V{(pt)^e - log r, Q) + 0{e) 

while it can be parameterized close to its lower boundary as the vertical graph of 

IJbir, 9):=- log(2r) - ab,^ + (rcos9 + V{^b) (4 - log r, 9) + 0{e) 

We set 




and assume that the parameters and the boundary functions are chosen so that 

e-^'^ {\m\ + l%l) + e^/^ (IqI + + I \oge\-^ {\at\ + \ab\) 

+ \lt\ + \lt\ + ||</'t||c2.« + Ik6||c2.« + ||<^t||c2.« + ||<^6||c2.« < K£ 

where the constant k > is fixed large enough. Recall that the functions ipt, ^Pb, <^t 
and (pb are assumed to be even and orthogonal to the functions 1 and 9 — > cos 9. 
The functions 0(e) do depend nonlinear ly on the different parameters and boundary 
data functions but are bounded by a constant (independent of k and e) times £ in C^'" 
topology, when partial derivatives are taken with respect to the vector fields rdr and de. 

It remains to show that, for all e small enough, it is possible to choose the parameters 
and boundary functions in such a way that the surface 

Rl+nt i^t, crt,( + (Tt, ft, ipt) U Mfc(^, e, (pb, (ft) U i?^+^^(7fe, ab,^ + ab, ifb) 

is a surface across the boundaries of the different summands. Regularity theory will 
then ensure that this surface is in fact smooth and by construction is has the desired 
properties. This will therefore complete the proof of the main theorem. 
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Granted the description of the surfaces close to their respective boundaries it is enough 
to fulfin that following system of equations 

Ut = Ut Ub = Uh drUt = drUt drUb = drUb 

on S\^e-^/^). 

The first two equations lead to the system 

-i log £74 +(Tt- (i £-1/2^^ + 2 £1/2^) cos + = 0{e) 

(48) 

i log£ 76 - cTfo - (i £-1/2% - 2£i/2<j,,) cos 6* + - (^6 = 0{e) 
while the last two equations read 

7t-{ke-^/^Vt-2e^/\t) cose + dtiVi^t + 'Pt)) = 0{e) 

(49) 

-lb-{\e-^'^'ni, + 2e^'\k) cose + dt{V{ipb + ^b)) = 0{e) 

Projection of every equation of this system over the L^.grthogonal complement of 
Span{l,cos}, we obtain the system 

ipt-<^t = 0{e) ifb-^b = 0{e) 

dtV{ipt + ^t) = 0{e) dtV{^b + ^b) = 0{e) 

Observe that the operator 

if 1 — > dtV{}p) 
is invertible, and hence the last system can be rewritten as 

{ipu(pt,'fh,'^h) = 0{e) (50) 

Recall that the right hand side depends nonlinear ly on ipt^ipt^^b^'f'b- Thanks to (|44l) 
and ()47() we can use a fixed point theorem for contraction mapping in the ball of radius 
K£ in (C^'")^ to obtain, for all £ small enough, a solution (|5U|) which depends at least 
continuously (and in fact smoothly) on the parameters 7t, 7f,, o"t, cjfe, q, r/^ and 

Inserting this solution into (|48() and (|49() . we see that it remains to solve a system of 
the form 

-i log£7f + (i£-i/2r?t + 2£V2<^,) COS0 = 0{e) 

1 log£76-a6- (i£-l/2 7?fe-2£l/2<jfe) COS0 = 0{e) 

(51) 

7t- (ie~'/'r?t-2£V2^,) COS0 = 0{e) 
-76- (i + 2£i/2^6) cos = 0{e) 
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where the right hand sides depend nonhnearly on 7t, 7fe, Ct, o";,, q, 77^ and r]f,. 

Projecting this system over the constant function and the function 9 — > cos6, we 
see that this system can be rewritten as 

{it, lb, ^t, ^b, ^t,%, Vt, fib) = 0{e) (52) 

where we have set 

(q,^) := e"^/^ {at,ab) := \\oge\~^ {at, ab) 

and 

{Vt,Vb) := e""^/^ {Vt,Vb) 

This time we can use Leray-Schauder degree theory in the ball of radius e in to solve 
()52|1. for all e small enough. This completes the proof of a solution of (|48() - H49|) and hence 
the proof of the main theorem. 



Remark 7.1. Alternatively, with more work, one can use a fixed point argument for 
contraction mapping to solve \5'J\) . 



8 Appendix A 

We consider the surface parameterized by 

X = Xc + wNc 

The coefficients of g^, the first fundamental form of this surface, are given by 

\dsX\'^ = cosh^ s-2w + — \r- + {dswf 

cosh s 

l^eXp = cosh^ s + 2w + — 3_ ^"^ + i^dew)"^ 

cosh s 

and 

dsX ■ dgX = dgW dew 
It follows from these that the determinant of the metric Qw can be expanded as 

\gw\ = coshes (iH ]^ ( {dswf + {dgw)'^ 72~^^) 

\ cosh s V cosh s J 

_Vt^ w Vw 



cosh s cosh s ' cosh s cosh s ' cosh s 
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where the Pi are homogeneous polynomials of degree i, whose coefficients are bounded 
smooth functions of s and 9. 



We consider the area energy 



The surface parameterized by is minimal if and only if the first variation oi A at w, 
is 0. This can be written as 



2DA\^{v)= [ D^\g^\ (v) ds d9 

J V\9w\ 



Observe that 



7^-D|5«>L(^) = dsw dsV + dew dev Tq-wv 

\9w\ cosh s 

+ V2 -, — , \ — + cosh s Qs 



w 


Vw 


cosh s ' 


cosh s 


w 


Vw 


cosh s ' 


cosh s 


w 


Vw 


cosh s ' 


cosh s 



\ \ cosh s cosh s J \ cosh s cosh s / / 



w 


Vw 


cosh s ' 


cosh s 




Vt« 


cosh s ' 


cosh s 




Vw 


cosh s 


' cosh s 



(53) 

where the operator Q2, ■ ■ ■ and the operators Q3, . . . enjoy properties similar to the one 
enjoyed by Q2 and Q3 in the statement of the result. The result then follows at once. 



9 Appendix B 

This appendix is essentially a generalization of the corresponding analysis in Let 
be S be a smooth surface embedded in a Riemannian manifold {M,g). We denote by 
the unit normal vector field compatible with the orientation of S. Suppose that N 
is another unit vector field transverse to S, the implicit function theorem implies that, 
given pq £ T,, there exist neighborhoods U and V of {po, 0) G S x M and a diffeomorphism 
{p, s) — > {ip{p, s),ip{p, s)) from U to V such that 

Ekp^{sN{p)) = Exp^J^^^^0{p,s)N{ip{p,s))) (54) 

where Exp^ denotes the exponential map in (M, g). In addition ip{p, 0) = p and ipiP: 0) = 
0. 
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Differentiation of ()54() with respect to s at s = yields 

N{p) = d.Mp, 0) + 0) Nip) (55) 

Taking the scalar product with N{p) we conclude that 

g{Nip),N{p)) = dMP.O) (56) 

This immediately implies that ip{p,s) = g{N{p), N{p)) s + 0{s'^). On the other hand, 
projection of over TpT, yields 

N\p) = dsip{p,0) (57) 

where N^{p) is the tangential component of A^. 

Next any surface S sufficiently close to E can be either parameterized as a graph of 
the function w over S using the vector field N or the graph of the function id for the 
normal vector field A'^. Thanks to the above analysis we can write 

w{ip{p,w{p))) =i^{p,w{p)) 

Now, the mean curvature of the surface S at the point Fixp^ {w{p) N(p)) and at the 
point Fixpp\iu{p) N{p)) are the same if p = ip{p, w{p)). We phrase this property as 

^N,wiP) = Hn,w{p) 
Differentiation with respect to if at it; = yields 

Taking into account the partial derivatives of (p and ^, which are given in (|57|) and ()56() . 
we conclude that 

DHj^^u = DHnMN{p),N{p))u) + (v^.(p)i^7V,o) u 

for any smooth function u defined on S. In the special case where S has constant mean 
curvature, we simply get 

DH^ ^ {u) = £MN{p),N{p))u) 

which gives the relation between i2s the Jacobi operator about S and DH^ q the lin- 
earized mean curvature operator when the normal vector field N is changed into a trans- 
verse vector field A^. 
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